Abstract. We show that not every family of generalized microscopic sets forms an ideal. Moreover, we prove that some of these families have some weaker additivity properties and some of them do not have even that.
Introduction
By ω we denote the set of natural numbers, i.e., ω = {0, 1, . . .}. For an interval J ⊆ R by |J| we denote its length. Definition 1.1. A set M ⊆ R is called microscopic if for every ε > 0 there is a sequence of intervals (I k ) k such that M ⊆ k I k and |I k | ≤ ε k for all k ∈ ω. The family of all microscopic sets will be denoted by Micro.
The above notion was introduced in 2001 by J. Appell (cf. [1] ). In [2] J. Appell, E. D'Aniello and M. Väth studied connections between microscopic sets (as well as several other notions of small sets) and some kinds of continuity of real functions. Many properties of microscopic sets are similar to those of classical Lebesgue null sets. In particular, the family of microscopic sets form a σ-ideal that lies between σ-ideals of strong measure zero sets and null sets. More similarities were found in [6] . There are also some differences. For instance, recently, one of the authors of this paper (A. Kwela) proved that additivity of Micro is ω 1 (cf. [7] ). A good survey on microscopic sets can be found in [4, Chapter 20] .
In 2014 G. Horbaczewska introduced the following nice generalization of microscopic sets (cf. [5] ). Let (f n ) n be a nonincreasing sequence of functions f n : (0, 1) → (0, 1) such that:
• f n 's are increasing;
• lim x→0 + f n (x) = 0 for all n;
• there exists x 0 such that for every x ∈ (0, x 0 ) the series n∈ω f n (x) is convergent. All sequences of functions considered in this paper are supposed to satisfy such conditions.
In [5] Horbaczewska studied some basic properties of such families of sets. In particular, she gave some conditions on the sequence (f n ) n , under which the family Micro (fn)n is equal to Micro, and proved that this notion generates new families of sets. For many of such families she showed that they form σ-ideals, but for example for the sequence (x 2 n ) n her proof does not work. She asked whether such a family forms a σ-ideal. That was a starting point for our research. We investigate problems of the following sort: given a sequence (f n ) n and two sets, A ∈ Micro (fn)n and B small in some sense, is it true that A ∪ B ∈ Micro (fn)n ?
The paper is organized as follows. In Chapter 2 we show some basic properties of generalized microscopic sets and prove that for any sequence (f n ) n the family of all sets that can be covered by an F σ set from Micro (fn)n forms a σ-ideal.
In Chapter 3 we answer the question of Horbaczewska. For simplification, we call an (x 2 n ) n -microscopic set nanoscopic and denote the family of all nanoscopic sets by Nano. We show that Nano does not even form an ideal. Of course, the family of nanoscopic sets is closed under taking subsets, but we will construct two nanoscopic sets union of which is not nanoscopic anymore. In the same chapter we show that some additivity properties remain true for Nano. In particular, we show that union of a nanoscopic set and a strong measure zero set remains a nanoscopic set. Also, we give some conditions imposed on an (f n ) n -microscopic set under which its union with any set of strong measure zero remains (f n ) n -microscopic.
In the last chapter we show that some families of generalized microscopic sets are so far from being an ideal, that even adding a point to such a set can cause that it is not in this family anymore. In particular, we focus on a family of sets generated by the sequence (x n! ) n and call its members picoscopic sets. This family will be denoted by Pico.
General properties
We start with some properties that are true for all families of generalized microscopic sets and do not depend on particular sequence of functions.
The first fact has been already observed by Horbaczewska, but is unpublished, so we prove it here. Proposition 2.1. For any sequence (f n ) n the family Micro (fn)n is closed under taking subsets and G δ -generated.
Proof. Fix a sequence (f n ) n . The first part is obvious.
We will show that the family of all Micro (fn)n sets is G δ -generated. Indeed, if A ∈ Micro (fn)n , then for each n ∈ ω let (I
set and A ⊆ G. We will show that G ∈ Micro (fn)n . If ε > 0, then there is n with ε > 1 n+1 . It suffices to observe that the sequence of intervals (I n k ) k covers the set G and |I
. Now we present a result which shows relationship between generalized microscopic sets and the family of Lebesgue null sets. 
Proof. At first, take any (f n )-microscopic set X. Notice that we can assume that functions f n are defined on the interval [0, 1) and f n (0) = 0 for all n ∈ ω. From the definition of (f n )-microscopic set, there is x 0 ∈ (0, 1) such that the series n∈ω f n (x 0 ) converges and f n (x) ≤ f n (x 0 ) for all n ∈ ω and x ∈ [0, x 0 ]. Therefore, n∈ω f n converges uniformly on [0, x 0 ]. We conclude that n∈ω f n is continuous in 0 and, finally, that X must be of Lebesgue measure zero.
To prove the second part, let (I • j∈ω a m,j < ∞ for each m ∈ ω; • lim j→∞ a j,n = 0 for each n ∈ ω; • a m+1,n ≤ a m,n for all n, m ∈ ω;
• |I m n | ≤ a m,n for all n, m ∈ ω. Take any n, m ∈ ω. Let k ≥ m be the maximal natural number such that a m,n+1 = a k,n+1 . Then we have:
Now let (g n ) n be any sequence of functions satisfying conditions from the definition of (f n )-microscopic sets and such that g n ( 1 2 m+2 ) = a m,n for m, n ∈ ω. Properties mentioned above guarantee that this construction is possible and X is (g n ) n -microscopic.
If A is a family of subsets of reals, then by A ⋆ we mean a family of all sets that can be covered by an F σ set from A. It is known that if I is a G δ generated σ-ideal that contains all singletons, then I ⋆ forms a σ-ideal as well (see [3] ). Our next goal is to show that for any sequence (f n ) n the family Micro ⋆ (fn)n is a σ-ideal. In the case of microscopic sets, it is obvious since they form a σ-ideal. In the case of nanoscopic sets, it was already observed by G. Horbaczewska in [5] . However, her proof does not work in the general case, so we present here an essentially new one. We start with an observation that even if both Micro (fn)n and Micro ⋆ (fn)n are σ-ideals, they always differ. Proposition 2.3. For any sequence (f n ) n there exists a set X that belongs to Micro (fn)n and does not belong to Micro ⋆ (fn)n . Our proof is rather standard.
Proof. Fix a sequence (f n ) n and an enumeration Q ∩ [0, 1] = {q i : i ∈ ω}. Let X = n P n , where
It is easy to see that the set X is (f n ) n -microscopic. On the other hand, X is cannot be included in any (f n ) n -microscopic F σ set. Indeed, assume otherwise and let X ⊆ k F k , where each F k is closed and k F k is (f n ) n -microscopic. Observe that each F k is nowhere dense (otherwise it would contain an open interval of positive Lebesgue measure and each F k is of measure zero as an (f n ) n -microscopic set; cf. Proposition 2.2). Hence, k F k is of first category. However, X is a G δ set which is dense in [0, 1], so it is residual in [0, 1].
Therefore, [0, 1] \ X is of first category. We get that [0, 1] is a union of two sets of first category. This contradicts the Baire Theorem. Now we proceed to showing that the family Micro ⋆ (fn)n always forms a σ-ideal. We will need the following technical lemma.
Lemma 2.4. Let X be a compact (f n )-microscopic set. Then for every k ∈ ω and ε ∈ (0, 1) the set X can be covered by some finite subsequence of a sequence of intervals of lengths (f n (ε)) n>k .
Proof. Choose ε > 0 and k ∈ ω. We will show that X can be covered by open intervals (I n ) k<n such that |I n | < f n (ε). By compactness of X, it will end the proof. Firstly, for some technical reasons we need to introduce two covers of X.
Let
Without loss of generality, we can assume that l ′′ > k + l ′ and that every interval I ′′ i is included in some I ′ j (to ensure the second part it suffices to take ε ′′ such that f 0 (ε ′′ ) is smaller than gaps between intervals I ′ j , for j ≤ l ′ ). By the pigeonhole principle, we can find numbers n 0 , . . . ,
We are ready to build a cover of X by sets (I n ) n>k such that |I n | < f n (ε) for all n. Let I k+1 , . . . , I 2k be intervals such that they have the required length and cover intervals I ′ n0 , . . . , I
). Hence, they cover also intervals I . Now we can find intervals I 2k+1 , . . . , I k+l ′ of the required lengths that cover all the intervals from (I ′′ n ) n<k+l ′ which are not covered by I k+1 , . . . , I 2k (note that there are at most k + l ′ − 2k such I ′′ n and recall that f 0 (ε ′′ ) < f k+l ′ (ε)). Finally, let I n = I ′′ n for all n ∈ {k + l ′ , . . . , l ′′ }. Hence, we have built the desired cover of the set X.
Proof. Fix a sequence (f n ) n . It is obvious that Micro ⋆ (fn)n is closed under taking subsets.
We have to show that Micro ⋆ (fn)n is closed under countable unions. Let A i ∈ Micro ⋆ (fn)n for all i ∈ ω and choose ε ∈ (0, 1). For each A i we can find compact
i∈ω be a reenumeration. By Lemma 2.4, we can find intervals I n such that |I n | < f n (ε), for each n, and
This ends the proof.
3. Nanoscopic sets
A set M is of strong measure zero if for each sequence of positive reals (ε k ) k there is a sequence of intervals (
Observe that all countable sets are of strong measure zero. Proof. For each n ∈ ω let (I n k ) k be a sequence of intervals such that A ⊆ k I n k and |I
There are two possible cases: Case 1. There is n such that for all k and m > n only finitely many of the intervals I m j , for j ∈ ω, are contained in the interval I n k . Then for each k the set A k = I n k ∩ G is compact and nanoscopic (as a subset of G). Moreover, A ⊆ k A k . By Lemma 2.4 applied to A n 's, we can find a sequence of naturals (s k ) k and intervals I n , for all n ∈ ω \ {s 0 , s 1 , . . .}, such that:
Now, by the definition of a strong measure zero set, we can find intervals I sn , for n ∈ ω, that cover the set B and satisfy |I sn | < ε 
Notice that in the first case of the above proof we do not use any specific properties of nanoscopic sets. Hence, we get the following general corollary.
In the next theorem we consider some other cases in which union of an (f n ) nmicroscopic set and a set of strong measure zero is (f n ) n -microscopic. In the proofs of (a) and (b) we use the following observation: if ε ∈ (0, 1), X is an (f n )-microscopic set and Y is of strong measure zero, then to find a cover (J n ) n of X ∪ Y such that |J n | ≤ f n (ε), it suffices to find a cover (J ′ n ) n of X such that |J ′ n | ≤ f n (ε) and X ⊆ n ∈T J ′ n for some infinite set T ⊆ ω. (b): Let ε ∈ (0, 1). Set δ ∈ (0, 1) such that f 0 (δ) < 1 3 f 0 (ε) and take any cover (I n ) n of X satisfying |I n | < f n (δ) for all n. Then |I n | < f 0 (δ)
There is also an interval J of length f m (ε) containing infinitely many I n 's. Indeed, otherwise let (J n ) n be any sequence of nonoverlapping closed intervals of length f m (ε) such that J n ⊆ X for every n. Then {k ∈ ω : I k ∩ J n = ∅} is finite for each n ∈ ω. Hence, since X is dense in an unbounded interval X, we get that
which contradicts the fact that n |J n | = ∞.
We are ready to define the required cover of X. Let I 2 f 0 (ε)) can be covered by any interval. Thus, we can define a new cover (I n ) n of X as follows. Let I 0 be any interval of length f 0 (ε) containing infinitely many sets from (I m0 n ) n . As before, such interval exists since n∈ω I m0 n ⊆ B(0, r). Further, take any natural number l such that I m0 l ⊆ I 0 and define I l as any interval of length f l (ε) containing X ∩ (x − 1 2 f 0 (ε), x + 1 2 f 0 (ε)). For n = 0, l define I n = I m0 n . As in the previous case, X ⊆ n ∈T I n for T = {n ∈ ω : I m0 n ⊆ I 0 } and the entire proof is completed.
Notice that using a similar argument to the one presented in the proof of part (b), we can show that if Y is of strong measure zero, X is (f n )-microscopic and there is δ > 0 such that X is a union of a family of closed intervals of length greater than δ, then X ∪ Y is (f n )-microscopic. However, we do not know if this can be strengthened even further. Problem 3.5. Assume that Y is of strong measure zero, X is (f n )-microscopic and there is an interval I such that I ⊆ X. Does X ∪ Y always belong to Micro (fn)n ?
The next theorem is an answer to a problem posed by Horbaczewska in [5] .
Theorem 3.6. The family of nanoscopic sets is not an ideal, i.e., there are two nanoscopic sets such that their union is not nanoscopic.
The proof is based on two lemmas. Definition 3.7. Fix a sequence (f n ) n and m ∈ ω. A set M is called m-(f n ) nmicroscopic if for every ε ∈ (0, 1) there is a sequence of intervals (
Proof. Fix a sequence (f n ) n . We define inductively an increasing sequence of natural numbers (l k ) k and a sequence of closed intervals (I k ) k .
Let l 0 = 0. Since X is compact and m-(f n ) n -microscopic, there is l 1 > l 0 and a finite sequence of closed intervals (I k ) ml0≤k<ml1 such that X ⊆ ml0≤k<ml1 I k and
for all l 0 ≤ k < l 1 . Suppose that l i and intervals I k , for i ≤ n and k < ml n , are constructed. By compactness of X and Lemma 2.4, there is l n+1 > l n and a finite sequence of closed intervals (I k ) mln≤k<mln+1 such that X ⊆ mln≤k<mln+1 I k and
. . .
Observe that X = A k . Indeed, if x ∈ X, then there is a sequence (t i ) i such that x ∈ i I ti . There exists j < m such that infinitely many t i 's are of the form t i = mk + j for some k ∈ ω. Then, we get that x ∈ A j .
We will show that each of the sets A j is (f n ) n -microscopic. Fix j < m. Given ε ∈ (0, 1) there is n such that ε > 1 2 n+1 . Let J k = I m(k+ln)+j for k ∈ ω. Then,
and the intervals J k , for k ∈ ω, cover the set A j .
We do not know whether compactness is crucial in the above lemma, even in the case of nanoscopic sets. Problem 3.9. Can every m-nanoscopic set be decomposed into m nanoscopic sets? Lemma 3.10. There is a compact 2-nanoscopic set which is not nanoscopic.
Proof. In the construction we will need the following two technical partitions of ω into finite sets:
• let T −1 = {0, 1} and T i = {2 i+1 , 2 i+1 + 1, . . . , 2 i+2 − 1} for each i ∈ ω; • let S 0 = T −1 and S i+1 = j∈Si T j for i > 0.
Let (I k ) k be a sequence of closed intervals satisfying the following conditions:
• if there is i such that k and n both are in S i , then I k ∩ I n = ∅;
• if k ∈ T n , then I k ⊆ I n ;
• for all i the distances between each two intervals from (I k ) k∈Ti are the same and biggest possible. Observe that this construction is possible, i.e., each I n is long enough to place all
The required set is defined by X = n X n , where X n = k∈Sn I k . Clearly, X is compact and 2-nanoscopic. We will show that X is not nanoscopic.
Firstly, we need to introduce a function f : ω → ω given by f (k) = 2 i+1 , where i ∈ ω ∪ {−1} is the unique number such that k ∈ T i . Observe that for any sequence (k j ) j satisfying k j+1 ∈ T kj we have f (k j ) < f (k j+1 ), for all j, and lim j f (k j ) = ∞.
We are ready to show that X is not nanoscopic. Let ε = 1 2 2 and take any sequence of intervals (
for all k. We will prove that J k 's cannot cover the whole set X by constructing a decreasing sequence of compact sets (K n ) n such that each K n is one of the intervals I k , for k ∈ S n , and if K n = I k , then K n ∩ i<f (k) J i = ∅. It follows from the conditions imposed on K n 's and the properties of the function f , that
Therefore, the construction of the sequence (K n ) n will conclude the entire proof.
We inductively define K n 's as follows. There is m ∈ T −1 such that J 0 is disjoint with I m . Let K 0 = I m . Notice that K 0 ∩ i<f (m) J i = K 0 \ J 0 = ∅. Suppose now that K i , for i ≤ n, are already defined and K n = I j , for some j ∈ S n , is such that
Hence, the set X n+1 ∩ I j is a union of 2 j+1 many intervals I 2 j+1 , . . . , I 2 j+2 −1 such that (1) they are pairwise disjoint, (2) each of them is disjoint with i<f (j) J i , (3) each of them has length at least 1 2 2 2 j+1 . Therefore, there are only 2 j+1 − f (j) intervals J f (j) , . . . , J 2 j+1 −1 such that each of them can completely cover one of the intervals
for all m ∈ T j ). Take one of those m's and let K n+1 = I m . Now we can proceed to the proof of Theorem 3.6.
Proof. By Lemma 3.10 there is a compact 2-nanoscopic set X that is not nanoscopic. By Lemma 3.8 there are nanoscopic sets A and B such that X = A ∪ B. Then A and B are the required sets.
Of course our proof works for a wider class of sequences of functions satisfying some technical properties. However, it does not lead to a characterization of sequences (f n ) n for which Micro (fn)n is not an ideal -it does not work for instance in the following case.
Problem 3.11. Let f n (ε) = ε 2 n for all ε ∈ (0, 1) and n ∈ ω. Is the family Micro (fn)n an ideal?
Since Nano is not an ideal, the following question is natural.
Problem 3.12. How does the ideal/σ-ideal generated by nanoscopic sets look like?
Is it of the form Micro (fn)n for some sequence of functions (f n ) n ? 4. Picoscopic sets
! for all ε ∈ (0, 1) and n ∈ ω.
Theorem 4.2. The family of picoscopic sets is not an ideal, i.e., there are two picoscopic sets such that their union is not picoscopic.
Below we prove an even stronger Theorem 4.3. This Theorem can be proved similarly to Theorem 3.6 -it follows from Lemma 3.8 and the fact that Lemma 3.10 works in the case of picoscopic sets, i.e., there is a compact 2-picoscopic set which is not picoscopic. Theorem 4.3. There are a picoscopic set X and a point x ∈ R such that X ∪ {x} is not picoscopic.
For simplicity, we write F (B) = n∈B {4 n , . . . , 4 n+1 − 1} for B ⊆ ω. We will need the following technical lemma. It uses some ideas from the Spacing Algorithm for Microscopic Sets proved in [7] . 
, cannot cover more than one third of the intervals I k for k ∈ F ({b}).
Proof. Observe that without loss of generality we can assume that m = 0 (having defined an interval I ′ k of length 1 13 (k+1)! , it suffices to pick any interval I k of length
• each of them is of length • each of them is of length 1 13 (k+1)! ; • the distance between each two of them is at least
Note that for each K k s belonging to T there is no K k+1 j contained in it. Let {K 0 , K 1 , . . .} be an enumeration of T with |K i | ≥ |K i+1 |. Now we can proceed to the definition of (I k ) k∈F (B) . Let {a 0 , a 1 , . . .} be an increasing enumeration of F (B). For each i let I ai be any interval of length
It is easy to see that the constructed intervals satisfy conditions (i) and (ii). We will show that they satisfy condition (iii) as well. Pick b ∈ B and consider any sequence of intervals (
of the intervals (I n ) n∈F ({b}) . Generally, the sum of the sequence (J k ) L≤k<4 b can intersect at most
|F ({b})| 3 of the intervals (I n ) n∈F ({b}) . This finishes the proof. Now we can proceed to the proof of Theorem 4.3.
Proof. Set ε = 1 13 . For all n ∈ ω let ε n = ε (n+1)! and k n be the least number such that 4 kn > (n + 1)!. Denote h(n) = 4 kn . Firstly, we will construct auxiliary
. At the end we will put X = i X i , where
in such a way that the distance between each two of them is at least ε. The intervals I n k for n ∈ ω and k ≥ h(n) will be defined inductively. In the m-th step of the induction we define I m k for all k ≥ h(m). At the first step let
Pick any partition (B(n, k)) (n,k)∈T0 of the set ω \ k 0 into infinite sets, such that the length of I n k (which is already defined) is at least 13 for all j ≥ h(0). At the second step let
and set any partition (B(0, k)) (0,k)∈T1 of the set ω \ k 1 into infinite sets, such that:
• the length of I 0 k (which is already defined) is at least 13
For every (0, k) ∈ T 1 apply the Spacing Algorithm to m = 1, I Pick any partition (B(n, k)) (n,k)∈Tm of the set ω \ k m into infinite sets, such that:
• the length of I n k (which is already defined) is at least 13 for all j ≥ h(m). Define X = i∈ω X i , where X i = j∈ω I i j for all i. Clearly, X is picoscopic. Let x = −1. We will show that X ∪ {x} is not picoscopic. In order to do it, we must prove that for every N ∈ ω the set X cannot be covered by a sequence of intervals (J k ) with J N = ∅ and |J k | ≤ ε (k+1)! for all k. Let N and (J k ) be as above. We will construct sequences (i n ) and (j n ) such that (I in jn ) is strictly decreasing and each I in jn is disjoint with k≤jn J k . Therefore, the intersection of all I in jn 's will define a point from X which is not covered by the sequence (J k ).
Observe that at least one of I We will need the following notation. For i, j ∈ ω find the unique n ∈ ω and k < h(n) such that I 
